In this paper we explore one-to-one embeddings of 2-dimensional grids into their ideal 2-dimensional grids. The presented results are optimal or considerably close to the optimum. For embedding grids into grids of smaller aspect ratio, we prove a new lower bound on the dilation matching a known upper bound. The edgecongestion provided by our matrix-based construction differs from the here presented tight lower bound by at most one. For embedding grids into grids of larger aspect ratio, we establish five as an upper bound on the dilation and four as an upper bound on the edge-congestion, which are improvements of previous results.
Introduction
Let G = (V, E) and H = (V , E ) be finite graphs. An embedding (φ, R φ ) of the guest graph G into the host graph H is a function φ : V −→ V together with a routing scheme R φ which assigns to each edge e = {v 1 , v 2 } ∈ E a path in H from φ(v 1 ) to φ(v 2 ). If φ is an injective function, we call the embedding one-toone, otherwise many-to-one. The congestion of an edge e ∈ E is the number of paths in {R φ (e) | e ∈ E} containing e as an edge. The edge-congestion of (φ, R φ ) is the maximum congestion of the edges of E . The dilation of an edge e ∈ E is the length of the path R φ (e), the dilation of (φ, R φ ) is the maximum length of the paths in {R φ (e) | e ∈ E}. The expansion of (φ, R φ ) is defined as |V |/|V |. The 2-dimensional grid of height h and width w, denoted by h × w, is the graph
The aspect ratio of the h × w grid G is defined as the quantity min{h, w}/ max{h, w}.
Among others, embedding a guest graph into a host graph is used to model area-efficient graph layouts for VLSI [13] or to model the problem of processor allocation in a distributed system [15] . In the latter case the most important cost-measures to rate the quality of embeddings are the edge-congestion, i.e. the amount of possible contention in the system for the same link, and the dilation, i.e. the distance between communicating processes in the system. Several other applications, especially for embedding grids into grids, are listed in [2, 7, 14] .
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In this paper we consider one-to-one embeddings of h × w grids G = (V, E) into h × w grids H = (V , E ) where we assume without loss of generality (and for the rest of the paper) that h ≤ w and h ≤ w . We call H an ideal grid for G if h (w − 1) < hw ≤ h w holds. Note that there may exist different ideal grids H for the same grid G. Here, we will focus on embeddings where H is an ideal grid for G, since these are the hardest instances of this (one-to-one) embedding problem. Avoiding the trivial case (i.e., h = h and w = w ) we distinguish two cases: h < h ≤ w < w or h < h ≤ w < w. In the first case the aspect ratio of H is smaller than the aspect ratio of G, in the latter case vice versa. In the following of this section we summarize previous results obtained in this area and compare them with our new results.
Embedding into Grids of Smaller Aspect Ratio
The special case where the h × w grid G is embedded into a linear array, i.e., H is a 1 × (hw) grid, was studied successfully. Chvátalová [6] proved in 1975 that in this case h is a tight bound for the dilation. It can be derived from a result proved in 1995 by Ahlswede and Bezrukov [1] that the h × w grid, with h = 2 and w = 2, can be embedded with optimal edge-congestion h + 1 into the 1 × (hw) grid. In 1988 Kosaraju and Atallah [12] showed that Θ(h/h ) is a bound for the dilation of embedding G = h × w into H = h × w , but they did not specify the constants involved. Römke et al. [16] showed in 1995 that G can be embedded into H with dilation h/h + 1. In 1996 Huang et al. [10] improved this result. They constructed embeddings with dilation of at most h/h . Shen et al. [20] proved in 1997 for the special case that the guest grid and host grid are of the same size, i.e., hw = h w , h/h as a lower bound for the dilation and the edge-congestion. Additionally, they proposed h/h + 3 as an upper bound for the edge-congestion.
In the following we will show that h/h is the optimal value for the dilation for any embedding of grids into grids of smaller aspect ratio. Additionally, we prove (h + 1)/h as tight lower bound for the edge-congestion and establish h/h + 1 as an upper bound.
Embedding into Grids of Larger Aspect Ratio
Most attempts to embed grids into grids of larger aspect ratio were restricted on embedding grids into square grids, i.e., it was assumed that h = w . Aleliunas and Rosenberg [2] showed in 1982 that, if h ≥ 25, G can be embedded into H with dilation 15 and expansion 1.2. Furthermore, they conjectured that there may be an inherent expansion-dilation tradeoff. In 1991 Ellis [7] showed that for small values of the compression ratio w/w there is no significant tradeoff between dilation and expansion. He proved that, if w/w ≤ 3, each h × w grid G can be embedded into each of its ideal h × w grids of larger aspect ratio with dilation three. Additionally, it was shown by Ellis, that each grid G can be embedded into its nearly ideal square grid H = ( √ hw + 1) × ( √ hw + 1) with dilation three. Moreover, Melhem and Hwang [14] constructed embeddings of each h × w grid into square grids with dilation two and expansion of at most 1.2.
